Lectures on quantum gases

Lecture 2

Relative motion of interacting particles 1li

Jook Walraven
University of Amsterdam

Lecture notes:
https://staff.fnwi.uva.nl/j.t.m.walraven/walraven/JookWalraven.htm
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flat-bottom potential

scattering length - a
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spherical square well for | =0and >0

E K2 = k2?2 4 g2 ‘
K2 * 0 T >T U{}(’!‘) =0 Xg —+ kzxo =0
‘ i iy P - Xo = Asin(kr + 1)
"0 Xo = kAcos(kr +n,)

r

r<ry U(r)=—r2 x§+Kixg=0

A
o 2 X? = A Sui(Ker +j/0/)
Xo = K+ A" cos(Kyr)

X0+ [F* = U] xo =0
boundary condition: X,(7) and X5(7) continuous atr = rg
r < 1o "> T
Xo/X0lr=r, = K1 cot Kyrg = kcot(krg + 1)
k k

tan(krg + — ~ [na(k) = —kr arctan
(kro +1j0) K4 cot Kirg lo(F) 0t K cot K4
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s-wave scattering length a

€ K =k + kg k
; ]i, — —k C :tc
Ki 5 o (k) Fo - arctan K4 cot Kyrg
1 —|_k o
0
T _
no(k) = —ka(k)
1 k
2 alk) =rg — — arcta
[]O — ko ( ) v k " K_|_ cot K+7“0

Define scattering length: a = lim a(k)

k—0

Define well parameter: v = Kg7T0
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= — lim 5o (k) /K

a=ry(l—tanvy/v)




scattering length a

[a>0 for ®—0 (/<:>0)]

/
Weakly-bound level:
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flat-bottom potential

effective range - I,
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effective range I,

We now analyze the energy dependence of the phase shift

k
k) = —kry + arctan
() K4 cot Kirg
\ Y J \ Y J
e 3
“regular” “resonant”

tan o + tan (3
1 —tanatan 3
tallil?:;t—l—%il’:s—l—--- :x(le%xz +)

tan(a + ) =

evaluate phase shift:
Kirgcot K rg + k*rg 4 - --
1 — (1 + %k%g + .. ) K_rgcot Koirg

kro cotng =
2

Ki — k> —I—HL% — K_|_7“0 — 14307“0[1 —|—]<52/I£O]1/2 = v + %k%“%/’)/—l— .

3-10-2018 Les Houches 2018



effective range I,

krg cotng = —- ‘ —l—%kzré 1 — ( — 1117//7)4—2 4.,
1 — tan~y/vy 372 (1 — tan~y/7)

e - Measure for energy dependence

a=r9(l—tanvy/v) r

Effective range expansion: of the phase shift

k¢ — ! L /.2 k cot _ L
(f0t770——5—|—§ T'e + | — m_a(k)

. 3ar 2.2
Effective range: r. =rg (1 _ 2are +971 0)

3v2a?
Two expansions to order k?:
1 5 _ 3arg + ')/27“8
a < 1o ! — —a—l—leT?,[l—S (a/')“o)2 —I—(S/’yQ)(a/'ro)] 4+ ..
k cot ng 6
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effective range I, — special cases

1 f 3arg + v2ré
a7 0 kCOtUo:—aJr%kzro(l— i 0)

3v2a?
e =70 (1 - »ygoa - STEQ)
a — +rg (regular) e = T0 (2/3 m l/’)/z) ~ %7"0
kcotin = :Fio + %%O i (K = 0 limit reached)
la| > ro  (anomalously large) Te 22 T0

1 ‘
? » _— — l '2 . o @
kcotng = — - + 2k To + (strongly K dependent)
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effective range I, — special cases

r ré ré
a < 19 (anomalously small)  — (1 - -2 - 0 |~ ) O
v2a  3a? 3a?
1 2 31 2 | g2
k cot g = e %kzré[l —3(a/ro)” +(3/7%) (a/ro)] + -
6
k(Ot??():F—I— (CL:O)
o (K dependence unimportant)
k cot L
cO = —
70 a(k)

[Conclusion: effective range important only for |CL| > T0 ]
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examples

nuclear collisions:

proton (uud) [1=1/2
neutron (udd) 1=1/2
deuteron =1 bound state a >0 a=541fm r,=1.75fm

I=0 excited state a<0 a=-238fm r,=2.67 fm

s-wave regime krg < 1: 12 orders of magnitude difference in energy

Ultracold atom collisions:

133Cg |4,4> a= 2400 a, r, = 100 a,
85Rb |3,3> a= -369 a, r, =83 q,
1H |1,1> a= 122 aO I’e - 348 ao
88Sr a= -2aq,
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flat-bottom potential

S-wave resonances
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S-wave resonances

We return to the energy dependence of the phase shift
1 k

a(k) = ro — — arctan
k K cot K47
o . '

“background” “resonant” Ki = k% + li(z)

: //0 // Z/

v=31 ¥=32 ¥=133 v=34 | v=35

J?l es ( ;\')

virtual node |[.AH7]

‘ //,,
1
T = a

g (k)"llr Ty

virtual level
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Breit-Wigner line shape

v =29 v =30 7=34

Ay=-0.5

SiIl2T}7-e %

2000

1000

Expand about resonance ( k£ ~ ko) ['/2 = 2kyes/70
k 1 —(k+kees)  —1/2

tan 1Mpes = ~ — = 773 5 ~
K+ COt K+ TO 6k ?QO (k - kres)ro 6 - gres

e (TP
- (€ — €res)? + (I'/2)?
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halo states

Bound states (¢ < 0):

X p— Ae—ﬁl’!” .
0 universal bound states: halo states
Kro < 1
strange molecule: large probability to find the atoms

outside the classical turning point

- £
/Xo(?“) = cpe " /Xo('f") = coe” ™
(\ k e

- ‘T VAi ! .

I‘x,’ro = (Umax + %)T __T _____ ’ ' B - _hz T
K=
o - ___* ________ . AT
B_TO - * —f{,é 1 _hé
K2
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s-wave resonance near threshold

3-10-2018

ares/r 0

k
Nos (k) = —krg + arctan
ICS( ) K_|_ cot K+T(]
1 k
a(k) = ro — — arctan
K K4 cot Kirg
4 4
Ay =-0.03 Ay=-0.01 | Ay = - 0.005 Ay = - 0.0025 Ay =+0.025
2 2
kry kry kry kry
—2_ 4 /__ 2 2 4
_2/ )
4 4
for Ky ~ kg~ K- —= KgcCot kgrg = —K
1 ' 1 k
a(k) ~ 19 + — arctan — a(k) >~ rp — — arctan
k k Rayb

weakly-bound state
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s-wave resonance near threshold

k
N...(k) = —krg + arctan
h CS( ) 0 K_|_ cot K+T(]
1 k
a(k) = ro — — arctan
k K4 cot Kirg
e !
| T 10 s> 0 (k1= 0.1)
: a<0 / a(k)
1/k
I k2 5 I
thgy Fmmmm T . [
[ 0._..._.... ............................................................... e
S WE— 0.01 10
I kr
: a>0 'I/Kvs 5 ?
I ﬂ‘!‘(] = v/ _2‘"{]/””-.«
I i
i ((L} -10 | Q<0 (K,7=0.1) (b)
. : L . k<K
Conclusion: scattering length approximation valid for
k < Kyb
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screened flat-bottom potential

Narrow s-wave resonances
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screened flat-bottom potential

£ | k10(r —19)
| K2 .
5‘“;'45 ------------ i+ k2

e '
K2 .
Eb T i ' _h'fz
\.
U (r)
To

X§ + [ = U] xo = 0

boundary condition: x,(7) continuous,

T > {fg(?J =0

Xo +k*xp =0
Xo = Asin(kr + 1)
Xo = kAcos(kr +n,)

X0+ Kixg =0
Xo = A’ sin(K .r +j/0/)
Xo = KA cos(Kyr)

T <To

X,o("“) jumps at 7 = T1¢

r>T

Xo/X0|r=r, = K4 cot K 1o = kcot(krg + n9) + k1

Barrier parameter: § = K179 —| a(k)
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k

k’f‘g
= rop — — arctan

Kirgcot Kyrg—p

)
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from halo state to narrow resonance

Bound states (¢ < 0):

—RT

Xo = Ae

k10(r — 1)

K K orqg=wvm —ﬂ ”
__________________________ ' | To

K_10 = (Vmax + 3)7 - . i K_rg=vmr — —K
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screened flat-bottom potential

sinznres

v =29 v =30

'Ay=—0.5

0.5 e

L

\

-1000

New notation: expand about resonance (k ~ k

0

k

—T/2

1000

tan Myes = ~
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€ — Eres

2000

F/2 — (2kres/T0)

(I'/2)

Sinz Tres — (

£ —¢eres)? + (I'/2)?
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effective range r,

We now analyze the energy dependence of the phase shift

k?”o
k) = —kro + arct
no (k) To + arctan (K+?“O cot K4rg — 6>
. Y I
o 8
“regular” “resonant”

evaluate phase shift:
(Kycot Kirg— k1) + k%rg +---
1—ro (1+ k28 4+ ) (K4 cot Kyrg — k)

kcotng =

Kizf_ — kz —|—H}g — K_|_’T‘0 = %07“0[1 +k2/f£g]1/2 = 7y -+ %k2rg/fy -+ ..

a=r1y(l—tan~y/v)
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effective range r,

I'. : measure for energy dependence

e -

Effective range expansion: of the phase shift

k cotng = —i + ‘lefre + - -| — |kcotny =
a2 : a(k)

2,2 _ 2 _ .2 200 — )2
Effective range: r. = rg (1 _ 3arg +77rg — 36(a” —rg) + 367 (a — o) )

3a~?

broad resonance (I', >0 for large |a|):

3arg + 72?"(2} 70 ’rg
-0 — Te?“o(l 3022 =70 1_a72_3a2

narrow resonance (I', <0 for large |a|):

2 2 2 2
a—7To To T

T PP g L) (1‘2—+—2)
Y a Y a a
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Resonance-width parameter R*

k cotng = 1 12
0Ol T)o = CL+2 I'e +

narrow resonance (I', <0 for large |a|):

B* (a —19)* 3 ro T8
8] =00 — 7o 2—7'072( - S _ ~T03 1—2E+a—g
: 5
define positive width parameter: R* = —%'r‘e ~ T
~

1
kcotng = —— — k*R*
a

strong barrier — weak coupling — narrow resonance R™>> Iy

weak barrier — strong coupling — broad resonance R << Iy
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resonance near threshold

1 k
a(k) = ro — — arctan ( i )

k Kirgcot Kirqg—p
Tk o e
& | a<0 soF X =0t
b i_ I -
1 » — [T 1) L Qa0eTEEE T 10
a=—— ! e
Rayb | = 50
|
| (a) oo e )
1 2 x* «
kCOtT}o:———kR F/zzkres/R
a
weakly bound level: "

kcotng = —k — (k2 + FLZ)R* tanmno = k+ (k2 + r2)R*
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Relative motion of interacting particles |l

We analyzed the energy dependence of the scattering length
We introduced the effective range r,

We analyzed when the effective range is important

We discussed anomanously large and small scattering lengths
We analyzed s-wave resonances

We noticed that negative effective ranges did not appear

We introduced a tunnel barrier

We found that for a weak tunnel coupling r <o

We introduced the width parameter R* to discriminate between
broad and narrow s-wave resonances

© 0N RAxWDNPRE
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