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solutions of RWE for free particles

Free particles: U(r) =0

2 5 Ll +1
Radial wave equation: R + —Rj + [k2 _ X J; )] Ry = 0——
r r

o= kr

Spherical Bessel differential equation:

2 [([+ 1

Rf’+—Rf+[l (J; )]Rl
o o

General solution: Rl(g) = Azjz(g) + anl(Q)

A; = ¢ cos *
l LEOST n; = arctan B; /A,
Bl — C S1117);

{A;, Bi} — {ci, ni}
General solution: Rz(Q) = (] [COS m jz(Q) + sin nl(Q)]

3-10-2018 Les Houches 2018 2



spherical Bessel functions

|=0 s-wave 7 =1 p-wave 7 =2 d-wave
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Ri(0) = ¢ [cosn 7i(0) + sinnng(o)]

gi(k,r) ~ —Lsin(kr — Lim)

r—oo K71

Cy
n;(k,r) T cos(kr — 3lm)

cr o
General solution: | Ry(k,r) =~ L sin(kr + 1, — %l’ﬂ')

r—oo KT

T
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generalization: short-range potentials
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boundary condition
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generalization: short-range potentials
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generalization: short-range potentials

20+ 1! -
;= Ajcosny >~ Cu( 1 )
20+ 1 - —
— A si ~ ¢ ki
Or=Aisini = ey
204+ 1 ‘ ‘ e
— & =|tann; >~ — il 5 (k:(;zr,l)zprl ale ==
Qj (20 4+ )] C1
ka < 1 o
[=0 — tann, ~ —ka
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—Th

But ...
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k
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power-law potentials

Short range I, can only be defined for [ < (s — 3)

[=0—s>20+3="

Van der Waals potential: s =6— [ < 1.5 — [ =0,1

Let us analyze the case of power-law potentials:

C L
V(r) = — T; range: heuristic argument
range exist if E ¢ = E
T r 72 Y
’ l /g

2 ,wrg o
0

% 2uC /0?0 > [2Cs /07
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s-wave regime

phase shift for power-law potentials:

f

20 + 1 ‘ A
tan 7, = + — (kag)* !
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4 )
o o3m(20 4+ 3 — s)! _:
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full solution of RWE

77/)lm (I‘) — Clle(ka T)lem (99 ¢)

oo m=lI

)= Bk )Y (0,9)

[=0 m=—1

Example: plane wave in free space
Ri(k,r) — 75:(kr) kT Z

sin(kr 4+ 1, — 5lm) — sin(kr — i)

m 1\ 2041 (l o TT?,)! m imao
Y, (0, ) = (—=1)" \/ T (Tm) P (cos@)e™*

®.@

" =N (204 1)il ji(kr) Py(cos 0)
[=0
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scattering

ikr
[ w:win+¢scrg eikz+f(9)e }

—00 r
eth? — Z(Zl + 1)i' 5 (kr) Py (cos 0)
s =0
Y = Z(Ql + l)ilClRl(k, r) P (cos 6)
=0

Qi(k,7) = cRy(k,7) — Ji(kr)
7w/) — win — 1r/)sc — Z(Ql + l)llQl(k, T)Pl(COS 9)

[=0
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scattered wavefunction
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scattered wavefunction

create outgoing partial wave:

: ¢ = eml—l
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scattered wavefunction

V(r0) e f(O)

T—00 - ,
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forward scattering amplitude partial-walve scattering amplitude
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partial wave scattering amplitude
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INntermezzo

_— scattering matrix
f.{ _ ﬂ(ehm - l) (a) . Sg — CZ’MH — 1+ Q;kal
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Y = Yip + Vse . ~ elhe T f(é’)

—00 r Jin

Current density incident wave:

1h vh hk.

jin — 2” (U)@nvw;kn o w;knvwzn) — Zﬂ(_QZk) — T = Vz
Current density scattered wave ) )
. ih P SO ik, |f(0)]
Jsc = ﬂ (wscvwsc _ wscvwsc) — 2 0 — 2 Vi
Current scattered through surface dS (into solid angle d€2):
i (). dS = 2 dls. (0, ¢ .-
dlse = F 4. (7) d? = olf(OFd2 559 4y = L5 ‘_( @) _ F(0)) dS
dS = tr2ds)
do (Qa (b) 2
T F(
[ = |1(0)]
3-10-2018 Les Houches 2018 22




Cross sections

Differential cross section:

[ do (0,¢) = | f(0)| d h— do(0) = 2 sin Q)f(ﬁ)ﬁ do

d) = sin 0dOdo F(0) = Z(Ql + 1) [1 P (cos 0)

=0 T

(b) — /1 = —f”h sin 1),
I .
dor(0) = ]; S7 20+ 120 + Dm0 sing, sing, Pr(cos 0) Py (cos 0) sin 0d0
1,1'=0
/[) 7 (cos 6)] 81119(19—7_ _ Z2l+ ‘mz Zgl
- =0

Total cross section:
7T > .
[02/ 21 sin 6 |f(6)]° dQ :_ZZ 20 + 1) sin® }
0 [=0
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optical theorem

4 E—0

o — —sin? ka
L2

- [a — 4%&21

What happens to cross section when a diverges?

1
unitarity limit: o, < %(21 1)

|

= —ZZ 20 + 1 ‘%1112 il
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|

optical theorem
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properties of elastic cross section
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s-wave scattering (low-energy limit)
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0=0||0=4ra?]

First Ramsauer minimum

where is the p-wave ?
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collisions of ultracold atoms

E /kg=138 uK

fe— ~1mm

Les Houches 2018

E /kg=1230 pK
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Scattering of interacting particles

. We generalized the discussion to arbitrary short-range potentials
We found limitations to the existence of a potential “range”

We introduced the partial-wave expansion

We determined the scattering amplitude (4 expressions for f))
We introduced the differential and total (elastic) cross section
We expressed the cross section in terms of the phase shifts

We discussed the unitarity limit and the optical theorem

We demonstrated elastic scattering for Rb-atoms

©NO O DR
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